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A Geodesic Flow Particle Filter For Nonthresholded
Radar Tracking

Homotopy methods are an emerging approach to particle filtering
that avoid numerical deficiencies of standard particle methods using
a particle flow. This correspondence develops a new filter with non-
thresholded measurements (i.e., a track-before-detect log-homotopy
particle filter). We show the performance by simulating a rotating
pulsed radar forming nonthresholded Range/Doppler maps.

I. INTRODUCTION

A particle filter (PF) is a target tracking approach that
approximates a probability distribution by a set of samples,
or particles, and corresponding weights. The standard ap-
proach is known as the sequential importance resampling
(SIR) particle filter [1]. In the motion update step of SIR,
particle locations are propagated according to a motion
model, while the weights remain fixed. In the informa-
tion update step, particle locations remain fixed, while the
weights are updated by Bayes’ rule. This involves multi-
plying the weights by the likelihood function evaluated at
the particle locations and then normalizing the sum to one.

Particle degeneracy is a well-known SIR pathology that
occurs when the likelihood function is concentrated on only
a few particles and the information-updated weights are
mostly zeros [1]–[3]. The standard remedy is resampling,
in which the particles with the largest weights are replicated
in proportion to their weights, and the weights of the re-
sampled particles are set to be equal. The main deficiency
of this method is that the resampling step reduces particle
diversity, leading to performance degradation, which is of-
ten catastrophic in practical problems. In particular, it often
happens that exactly one particle remains to represent the
entire density. This problem increases with the dimension
of the state space.

In a series of papers [3]–[11], Daum has introduced a
new homotopy-based method to implement the information
update. In this approach, instead of using measurements
to simply update the weights of particles from the prior,
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measurements are used to flow prior particles to a posterior
location. This avoids particle depletion entirely, which is
particularly valuable when the observation likelihood is
narrow compared to the prior.

Several practical implementations have been recently
reported [12]–[21]. These implementations all assume a
measurement model in which the observed data are a linear
or nonlinear transformation of the state-space parameters
plus measurement noise. This model is suitable for a con-
ventional detect-then-track approach in which radar data
are processed to form a surface in measurement space and
then thresholded to obtain a set of detections. Detections
are associated to the filter to produce state estimates over
time.

In contrast, here we discuss the design and implemen-
tation of a track-before-detect (TBD) particle flow filter,
which incorporates raw(-er) nonthresholded observations
directly into the filter. In TBD, the tracker ingests the en-
tire measurement surface and exploits raw intensities rather
than just threshold exceedances. For that reason, the concept
of missed detections and false alarms is not relevant. Re-
lated TBD particle filter work includes [22]–[25]. Previous
work has shown the utility of PF methods over Kalman-
based (extended Kalman filter (EKF), unscented kalman
filter) approaches in similar radar TBD applications [26],
[27].

Our main contribution is the derivation and implementa-
tion of the particle flow method for a nonthresholded Radar
sensor model. The computational complexity is higher than
for the detect-then-track model; however, we still show a
meaningful improvement in tracking error for a fixed num-
ber of computations. There is a more significant gain in
the performance per particle. The conference paper [28]
contains a preliminary, abbreviated version of this material.

This paper proceeds as follows. In Section II, we review
the homotopic approach to particle flow and the details of a
special case referred to as Geodesic Flow. Next, Section III
gives the details of our pixelated nonthresholded Radar
measurement model. Third, Section IV specializes the flow
equations to our model. Section V provides a simulation
comparing the performance of the new filter to an SIR filter
on a model Radar problem. Finally, Section VI concludes.

II. SUMMARY OF THE GEODESIC FLOW APPROACH

The homotopy-based approach to particle filtering [5],
[6] starts by defining a flow of the conditional PDF on state
vector x with respect to a parameter λ

log p(x, λ) = log g(x) + λ log h(x) − log K(λ) (1)

where g(x) is the prior density, h(x) the likelihood, and
K(λ) a normalization. The conditional probability p(x, λ)
moves between the prior and posterior as λ moves from 0
to 1.

It is distinguished from standard particle filtering in
that particles are flowed from a prior location to a posterior
location using the measurements. In particular, the approach
further supposes [6] that the flow of particles from prior

to posterior obeys the Ito stochastic differential equation
(SDE)

dx = f(x, λ)dλ + Q(x, λ)dw (2)

where f(x, λ) is the flow function, w is a Wiener process,
and Q(x, λ) is a diffusion matrix. The probability density
function (PDF) of x, p(x, λ), satisfies the Fokker–Plank
equation [29]

∂p(x, λ)

∂λ
= −

N∑

i=1

∂

∂xi

[
fi(x, λ)p(x, λ)

]

+
N∑

i=1

N∑

j=i

∂2

∂xi∂xj

[
Dij (x, λ)p(x, λ)

]
(3)

where

Dij (x, λ) = 1

2

N∑

k=1

Qik(x, λ)Qjk(x, λ). (4)

Together, f(x, λ) and Q(x, λ) define an SDE in variables
x and λ that describes how particles flow from their prior
location to their posterior location. Given the specification
of the evolution of the PDF in (1), we can now in principle
solve for the flow f(x, λ). The solution is not unique, and
Daum and Huang have developed many ways to find suit-
able solutions. Their recent work focuses on a special case
[6], which results in the geodesic flow function

f(x, λ) = −
[
∂2 log p(x, λ)

∂x2

]−1(
∂ log h(x)

∂x

)T

. (5)

The geodesic flow formulation requires the Q(x, λ)
function to have certain properties [6], and it is also not
unique. It has been shown [4] that under a Gaussian ap-
proximation to the prior and measurement models, Q(x, λ)
has the form

Q(x, λ) = [P−1 + λHT R−1H]−1HT R−1H

[P−1 + λHT R−1H]−1 (6)

where P is the prior covariance, H is the standard EKF
Jacobian matrix evaluated at x, and R is the measurement
covariance. These quantities can be obtained easily when
using a detect-then-track measurement model. For the non-
thresholded model, the methodology is straightforward in
principle but can be analytically intractable. The contri-
bution of this paper is to develop a measurement model
and derive the associated flow and diffusion functions for
implementation in a Geodesic Flow particle filter.

A second choice is the diffusion-free approach [5] where

Q(x, λ) = 0. (7)

Together (5) and (6) or (7) completely specify the flow
of particles from prior to posterior.

III. NONTHRESHOLDED MEASUREMENT MODEL

This section defines our sensor measurements and the
corresponding sensor likelihood h(x) for nonthresholded
sensor measurements. We assume a single target with state
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x = [x ẋ y ẏ]. A rotating monostatic pulsed radar collects
coherent pulse intervals (CPIs) of raw data. Each CPI is a
batch of pulse returns over an angular extent corresponding
to the Radar pointing angle. The collected pulse data are
aggregated and processed using Fourier methods [30] to
generate a Range/Doppler map (RDM) at an angle θ , i.e., a
map indexed by range and range-rate giving the intensity of
the correlation at each. The measurement, thus, has infor-
mation about range, range-rate, and azimuth angle. We do
not propose to threshold the surface to deliver a detection,
rather we want to fully exploit the entire data surface.

We now define our model of the measurement statis-
tics. We assume the azimuth angle measurement error is
characterized by a Gaussian with variance σ 2

θ . This statis-
tical model is used, for example, with angle centroiding
and monopulse methods [30, Ch. 18]. Let zθ denote this
azimuth measurement. Then, letting θ(x) = arctan

(
y

x

)
, we

have

zθ ∼ N
(
θ(x), σ 2

θ

)
(8)

where for simplicity the radar is at (0, 0).
At this angle, received pulses are processed to gener-

ate a RDM. Let zij denote the envelope-detected value in
the (i, j )th range/range-rate resolution cell. The number of
cells and the cell resolutions are determined by the num-
ber of aggregated pulses, the pulse-repetition frequency and
bandwidth of the radar [31]. Denote the sequence of MN

intensities by zRDM = [z11, z12, . . . , zMN ]. The statistics of
the measurement in cell (i, j ) depend on its proximity to
the true range and range-rate of the target in measurement
space.

The target pixel in measurement space will be captured
by the mapping

m(x) = [
m1(x) m2(x)

]T
(9)

which projects the target state x to the sensor space (pixels).
In our application, this is a nonlinear mapping from

Cartesian position and velocity to range/range-rate pixel.
The range pixel of target x is

m1(x) =
√

x2 + y2

�R

+ R0 (10)

and the range-rate pixel is

m2(x) = xẋ + yẏ√
x2 + y2�Ṙ

+ Ṙ0 (11)

where �R and �Ṙ denote the pixel spacing while R0 and
Ṙ0 are the zero-reference points for the pixels.

The distance between the projection of x and an arbi-
trary sensor pixel (i, j ) will be denoted

δδδij (x) = m(x) − [
i j

]T
. (12)

The physical model we employ is that the statistics of
the cells are Rayleigh with mode dictated by the distance
between the cell and the projection of the target [30]. In
particular, the expected intensity in pixel (i, j ) will be given
by its distance from the projection of the target state x,

Fig. 1. Example intensity map (left) and RDM measurement realization
(right) with s2

t = 100, s2
b = 1, and C = I. The target maps to

(r = 225 m, ṙ = 19 m/s)

weighted by the target impulse response (IPR). We have
elected to use an exponential for the target IPR and define
its value in pixel (i, j ) as

Iij (x) = e− 1
2δδδT

ij (x)C−1δδδij (x). (13)

For this model, contours of constant intensity are elliptical
and C is a 2 × 2 matrix that defines the shape of the ellipse.

The Rayleigh intensity parameter in pixel (i, j ) is then

s2
ij (x) = s2

b + (s2
t − s2

b )Iij (x). (14)

This model captures the fact that the intensity is s2
b (the

background intensity) for pixels very far from the target
projection, s2

t (the target intensity) for a pixel centered at
the target, and falls off as dictated by the IPR matrix C.

In summary, our statistical model is that a target
with state x = [x ẋ y ẏ] maps to sensor pixel m(x) =[
m1(x) m2(x)

]T
through range and range-rate expressions

combined with the sensor resolutions. A measurement pixel
(i, j ) is modeled as having intensity drawn from a Rayleigh
random variable whose mode is given by the pixel distance
from the target projection, weighted by the target IPR. The
target is only measured when illuminated, i.e., when it is
within the Radar beamwidth characterized by σθ . Fig. 1
illustrates the mode and an example scan.

With this as background, we can finally write the full
nonthresholded measurement model explicitly as

h(x)
.= p

(
zRDM, zθ |x

) = p(zθ |x)
∏

ij

p(zij |x)

=
⎛

⎝ 1√
2πσ 2

θ

e−(zθ−θ(x))2/2σ 2
θ

⎞

⎠
∏

ij

zij

s2
ij (x)

e

−z2
ij

2s2
ij

(x)
.

(15)

IV. GEODESIC FLOW FOR NONTHRESHOLDED
MEASUREMENTS

This section derives the flow equations for our non-
thresholded sensor model. Particle flow from prior to pos-
terior is effected by solving the SDE given in (5) and (6)
or (7) using the measurement model in (15). We discuss
each of these terms in turn.

A. Deterministic Component of the Flow, f(x, λ)

The deterministic component of the Geodesic Flow for-
mulation given in (5) for nonthresholded measurements is
specified as follows. The first term is found starting with
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the identity

∂2 log p(x, λ)

∂x2
= λ

∂2 log h(x)

∂x2
+ ∂2 log g(x)

∂x2
(16)

which comes immediately from (1). The second term of
the flow is simply the gradient of the log measurement
likelihood and is defined by (15).

With these observations, the deterministic component
of the flow is completely specified through the partials
of log h(x) (the measurement likelihood) and log g(x) (the
prior).

The required partials of log h(x) can be found in a
straightforward manner using the definitions of the like-
lihood in (15), the Rayleigh intensity in (14) and the IPR
in (13).

First, we have directly

log h(x) = − log
√

2πσ 2
θ − (zθ − θ(x))2

2σ 2
θ

+
∑

ij

log zij − log s2
ij (x) +

( −z2
ij

2s2
ij (x)

)
. (17)

Let a and b represent components of x. The (scalar)
partials with respect to these variables are given as

∂ log h(x)

∂a
= (zθ − θ(x))

σ 2
θ

∂θ(x)

∂a

+
∑

ij

(
z2
ij − 2s2

ij (x)

2s4
ij (x)

)
∂s2

ij (x)

∂a
(18)

and

∂2 log h(x)

∂a∂b
= zθ − θ(x)

σ 2
θ

∂2θ(x)

∂a∂b
− ∂θ(x)

∂a

∂θ(x)

∂b

1

σ 2
θ

+
∑

ij

z2
ij − 2s2

ij (x)

2s4
ij (x)

∂2s2
ij (x)

∂a∂b

+ s2
ij (x) − z2

ij

s6
ij (x)

∂s2
ij (x)

∂a

∂s2
ij (x)

∂b
. (19)

Strictly speaking, computation of (15) through (19) re-
quire O(N2

cells) calculations. In practice, only cells close to
the predicted location meaningfully influence the sum and
so far fewer calculations are actually required.

From (14), the partials of s2
ij (x) are scaled versions of

the partials of the IPR Iij (x), i.e.,

∂s2
ij (x)

∂a
= (

s2
t − s2

b

) ∂Iij (x)

∂a
(20)

and so on. The partials of Iij (x) are tedious but come directly
from the definition in (9), (12), and (13), i.e.,

∂Iij (x)

∂x
= −JC−1δδδij (x)Iij (x) (21)

where J is the N × N Jacobian of δδδij (x), which is computed
using the definitions of m1(x) and m2(x) above.

Finally, let μμμ and P be the empirical mean and co-
variance of the particles used to represent the prior g(x).

Under a Gaussian approximation [4], we find ∂ log g(x)
∂x =

−P−1(x − μμμ)T and ∂2 log g(x)
∂x2 = −P−1. This now completely

specifies the particle flow f(x, λ) for the nonthresholded
model.

B. Diffusion, Q(x, λ)

One choice of the diffusion term is a Gaussian approx-
imation [4], given in (6). P is the empirical covariance of
the particles used to represent the prior as before. H is the
EKF Jacobian matrix, i.e.,

H =

⎛

⎜⎜⎝

∂m1(x)
∂x

∂m1(x)
∂ẋ

∂m1(x)
∂y

∂m1(x)
∂ẏ

∂m2(x)
∂x

∂m2(x)
∂ẋ

∂m2(x)
∂y

∂m2(x)
∂ẏ

∂θ(x)
∂x

∂θ(x)
∂ẋ

∂θ(x)
∂y

∂θ(x)
∂ẏ

⎞

⎟⎟⎠ (22)

and R is matched to the covariance of the measure-
ments. Here, we use the IPR and bearing variance so

R =
(

C 0
0 σ 2

θ

)
.

C. On the Numerical Solution of the SDE

Our fundamental approach to solving the Geodesic
Flow SDE is the Euler method [32], i.e.,

xi
n+1 = xi

n + f (xn, λ)�λ + Q(xn, λ)�Wn (23)

where i is the particle. There are N steps in the discretiza-
tion with variable sized �λ, which moves λ between 0 and
1. Since most of the important flow happens near λ = 0,
we space the discretization points logarithmically between
10−5 and 1. Specifically, the solution is effected by dis-
cretizing λ log-spaced with N points between λ = 10−5 to
λ = 1 (i.e., λ = 10−5+5d/N , d = 0 · · · N − 1).

Geodesic Flow SDEs are stiff [11] and, thus, require
special attention for this numerical integration. We find,
empirically, that even specially crafted stiff solvers such
those packaged with MATLAB often require step sizes so
small as to be make the solution intractable. Adaptive SDE
solution strategies for homotopic flow is an active area of
investigation [11].

We have looked at two approaches to address the stiff-
ness without completely intractable N : 1) trap for events
by simply looking at the numerical gradient of the parti-
cle position during the solution. When a large movement
happens, the particle is reflowed from the prior state to
its posterior state; 2) Perform a resample-like procedure to
eliminate those particles that have been flowed in a numer-
ically unstable way. In practice, we find option 2) gives the
best trade between compute time and performance.

V. SIMULATION

This section shows a simulation comparing the new
nonthresholded Geodesic Flow particle filter with an SIR
particle filter on a model Radar tracking problem. Both
trackers use the exact same temporal prediction, measure-
ment model, and measurements. The only distinction is
that the Geodesic Flow filter flows particles to a posterior
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Fig. 2. New method flows particles from prior location to posterior
locations as λ goes from 0 to 1. The true target range is 230 m and

range-rate is 18 m/s. Posterior locations are consistent with these values
given the resolutions and IPR.

Fig. 3. Illustration of the prior and posterior locations of particles under
the Geodesic Flow method. The homotopic approach moves particles

from their prior location to their posterior location using the
measurements, whereas the SIR method simply updates the weights of

the prior particles.

position by solving an SDE. In contrast, in the SIR fil-
ter, particles stay at their prior position and have weights
updated via Bayes’ rule.

A. Illustrative Images

Fig. 2 shows that how the geodesic approach flows par-
ticles from prior to posterior location as the SDE is solved
from λ = 0 to λ = 1. The figures illustrate how a relatively
broad prior is concentrated to a narrower posterior.

Next, Figs. 3 and 4 illustrate why the geodesic flow
approach improves performance over SIR. In both figures,
particle locations are superimposed on the observation sur-
face. The use case is the situation with a broad prior and
narrow observation likelihood. The SIR approach suffers
from the well-known particle degeneracy pathology.

Fig. 4. SIR method can only update prior particle weights, and
resamples to discard low-impact particles. We find in this case that only
two particles survive the resampling and neither are in the main part of

the measurement distribution.

First, in Fig. 4, we see that the prior particle locations
do not correspond to the dominant measurement location.
While the SIR approach can only reflect this mismatch via
weighting the particles, the Geodesic approach can flow
particles from these poor prior locations to the more likely
posterior location.

Next, in Fig. 4, we see that only the few particles close
to the measurement likelihood peak get all of the weight and
survive SIR resampling. On the other hand, the Geodesic
Flow method is able to move particles from the prior to the
correct posterior location to more accurately represent the
posterior.

B. Simulation Description

The Radar tracking simulation is described as follows.
A target is characterized by its four-dimensional (x, ẋ, y, ẏ)
state. The true state evolves with nearly constant velocity
for 100 time steps.

At each time, nonthresholded measurements are made
on a 51 × 51 range/range-rate grid with IPR C = I at a
pointing angle θ . The parameters of the grid are matched
to a rotating S-band radar with Fc = 3 MHz and a 10-ms
CPI. This yields a range bin size of �R = 30 m and range-
rate bin size of �Ṙ = 5 m/s. The antenna beam width is
selected as 5◦. The Rayleigh intensity in each grid cell is
given by (14) with s2

t = 100, i.e., it is defined by the true
target location and the IPR.

C. Results

The performance of the tracker is measured by the root
mean-square error (RMSE) between true state and predicted
state over the simulation window. We compare the SIR and
geodesic flow filters as a function of number of particles in
Fig. 5 and as a function of processing time in Fig. 6. The
Geodesic flow filter uses N = 11 discretization steps.
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Fig. 5. Geodesic flow approach needs about 25× fewer particles than
the SIR approach to achieve the same RMSE.

Fig. 6. Geodesic approach needs about 10× less CPU time than the
SIR approach to achieve the same RMSE.

We find significant improvement in both per-particle
and per-flop performance with the homotopy approach. We
find no significant utility to using the Gaussian diffusion
in this case, most likely due to the poor match between
our highly nonlinear measurement and the EKF used in
the Gaussian approximation. While empirically the zero-
diffusion covariances are more clustered (smaller) than the
Gaussian, we find empirically the performance to be similar.

VI. CONCLUSION

This paper has developed and illustrated by simula-
tion a TBD log-homotopy particle filter, which is an im-
plementation of the work of Daum and Huang. We have
elected to use the Geodesic approach to particle flow cou-
pled with Gaussian or zero diffusion. While the homotopy
approach requires more computations per particle, on bal-
ance, it still provides a significant improvement per flop
on our Radar tracking problem. Furthermore, in this prob-
lem, the zero-diffusion approximation performed similarly
to the Gaussian approximation. Since it saves analytical

effort and some computations, the zero-diffusion approach
provides the best performance of the techniques studied. An
interesting next step in this paper is to extend it to multiple
interacting targets.
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